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Schanuel’s conjecture and Exponential Closedness

Conjecture (Schanuel, 1960s)
For any Q-linearly independent complex numbers z1, . . . , zn we have

tdQ Q(z1, . . . , zn, e
z1 , . . . , ezn) ≥ n.

Schanuel implies that certain systems of equations do not have solutions. E.g.
for n = 2 it implies that for any non-constant polynomial p(X ,Y ) ∈ Q[X ,Y ]
the system ez = 1, p(z , e) = 0 does not have solutions in C.
More generally, “overdetermined” systems do not have solutions.
EC (Exponential Closedness) is a dual statement: if a system is not
overdetermined, then it has solutions.

Conjecture (Exponential Closedness, Zilber, early 2000s)

Let V ⊆Cn×(C×)n be a free and rotund variety. Then V contains a point of the
form (z1, . . . , zn, e

z1 , . . . , ezn).
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The j-function

Let H := {z ∈ C : Im(z) > 0} be the complex upper half-plane.

GL+
2 (R) is the group of 2× 2 matrices with real entries and positive

determinant. It acts on H via linear fractional transformations. That is, for

g =

(
a b
c d

)
∈ GL+

2 (R) we define

gz =
az + b

cz + d
.

Let j : H→ C be the modular j-function.
j is holomorphic on H and is invariant under the action of SL2(Z), i.e.
j(γz) = j(z) for all γ ∈ SL2(Z).
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Modular polynomials

There is a countable collection of irreducible polynomials
ΦN ∈ Z[X ,Y ] (N ≥ 1), called modular polynomials, such that for any
z1, z2 ∈ H

ΦN(j(z1), j(z2)) = 0 for some N iff z2 = gz1 for some g ∈ GL+
2 (Q).

Φ1(X ,Y ) = X − Y and all the other modular polynomials are symmetric.
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Modular Schanuel and Existential Closedness

The following is a modular analogue of Schanuel’s conjecture.

Conjecture (Modular Schanuel Conjecture)

Let z1, . . . , zn ∈ H be non-quadratic numbers with distinct GL+
2 (Q)-orbits. Then

tdQ Q(z1, . . . , zn, j(z1), . . . , j(zn)) ≥ n.

By abuse of notation we will let j denote all Cartesian powers of itself.
Similarly we let Γj := {(z̄ , j(z̄)) : z̄ ∈ Hn}⊆C2n be the graph of j in Hn×Cn for
any n.

Conjecture (Modular Existential Closedness, A.-Kirby 2021)
Let V ⊆ Hn×Cn be an irreducible froad (free and broad) variety defined over C.
Then V ∩ Γj 6= ∅.

This is an analogue of Zilber’s Exponential Closedness conjecture.
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Froad varieties

The coordinates of C2n (and Hn×Cn) are denoted by (x1, . . . , xn, y1, . . . , yn).

Definition
Let V ⊆ Hn×Cn be an algebraic variety.

V is broad if for any 1 ≤ k1 < . . . < km ≤ n the projection of V to the
coordinates (xk1 , . . . , xkm , yk1 , . . . , ykm) is at least m. In particular, dimV ≥ n.
V is free if no coordinate is constant on V , no relation of the form
ΦN(yi , yk) = 0 holds on V , and no relation of the form xk = gxi holds on V
where g ∈ GL2(Q).
V is froad if it is free and broad.
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Exponential vs modular EC

There are two main differences between exponential and modular Existential
Closedness.

Exponential functions are defined on the whole complex plane while modular
functions are defined on the upper half-plane. These spaces (C and H) are
geometrically different which accounts for different approaches to EC in these
two settings.

Modular functions satisfy third-order differential equations, so we can
consider EC for these functions together with their first two derivatives.
Exponential functions satisfy first-order differential equations so considering
derivatives would not change anything.
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Modular EC with Derivatives

Let J : H→ C3 be given by J : z 7→ (j(z), j ′(z), j ′′(z)).

Let ΓJ := {(z̄ , J(z̄)) : z̄ ∈ Hn}⊆Hn×C3n be the graph of J for any n.
We consider only the first two derivatives of j , for the higher derivatives are
algebraic over those.

Conjecture (Modular Schanuel Conjecture with Derivatives)

Let z1, . . . , zn ∈ H be non-quadratic numbers with distinct GL+
2 (Q)-orbits. Then

tdQ Q(z̄ , J(z̄)) ≥ 3n.

Conjecture (Modular Existential Closedness with Derivatives, A.-Kirby
2021)

Let V ⊆ Hn×C3n be an irreducible froad (free and broad) variety defined over
C. Then V ∩ ΓJ 6= ∅.
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Froad varieties

The coordinates of C4n will be denoted by (x̄ , ȳ , ȳ ′, ȳ ′′).

Definition
An algebraic variety V ⊆ C4n is broad if for any 1 ≤ k1 < . . . < km ≤ n we
have dim prk̄ V ≥ 3m. In particular, dimV ≥ 3n.
V ⊆ C4n is free if its projection to the first 2n coordinates is free.
V is froad if it is free and broad.
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Definition
An algebraic variety V ⊆ C4n is broad if for any 1 ≤ k1 < . . . < km ≤ n we
have dim prk̄ V ≥ 3m.

In particular, dimV ≥ 3n.
V ⊆ C4n is free if its projection to the first 2n coordinates is free.
V is froad if it is free and broad.

Vahagn Aslanyan (Leeds) Modular EC with Derivatives 7 June 2023 9 / 11



Froad varieties

The coordinates of C4n will be denoted by (x̄ , ȳ , ȳ ′, ȳ ′′).
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Why should we care?

Why is EC with Derivatives important?

General model-theoretic context.
Schanuel (with derivatives) is a special case of the generalised period
conjecture.
In the differential setting it is natural and often necessary to include
derivatives.
Many approaches to these conjectures (even without derivatives) involve
techniques where we have to deal with derivatives.
Derivatives of modular functions are modular forms of weight 2.
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Partial results and analogues

EC = Existential Closedness (without derivatives)
ECD = Existential Closedness with Derivatives

Differential/functional analogue of ECD.
EC assuming dominant projection to Hn (Eterović-Herrero 2019).
ECD for n = 1 (A.-Eterović-Mantova 2023).
EC assuming V = U ×W where U is defined by GL+

2 (R)-relations (Gallinaro
2021).
EC assuming V = U ×W where U is defined by non-real GL+

2 (C)-relations
(A. 2021).
EC for blurred j , i.e. when we replace the graph of j with the relation
{(z , j(gz)) : g ∈ GL+

2 (Q)} (A.-Kirby 2021).
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